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Abstract. We prove an h-principle with boundary condition 
for a certain class of sheaves ^ : F,mh'^ — > Top. The techniques 
used in the proof come from the study of the homotopy type of 
cobordism categories, and they are of simplicial and categorical 
nature. Applying the main result of this paper we recover the 
homotopy equivalence BCk,d — ^'^~^^^(7fc"d) of l^J ^ind [4]. 
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Introduction 

Given a continuous sheaf ^ : Emb^^ — > Top on the category of smooth 
d-dimensional manifolds without boundary with embeddings as morphisms, 
one can define a new sheaf ^* : ^mb"^ — > Top together with an h-principle 
(or scanning) map h: ^ — > ^* . Gromov shows in [5] that if ^ is "mi- 
croflexible" for an open manifold M, the map h: ^[M) — > ^*{M) is a 
weak homotopy equivalence. 

In this paper we prove a relative result. One can define ^ for a manifold 
with boundary M by gluing an external collar, obtaining a restriction map 
^{M) — > ^'((?M X M). Given an element go € ^'(5M x M) consider the 
space ^'(M;go) of elements of ^(M) that restrict to gQ in a neighborhood 
of dM X [0,oo). We find conditions on ^ so that the restriction of the 
h-principle map h: ^{M;gQ) — > ^*{M; h{go)) is a weak equivalence. 

Our approach to this problem is motivated by the study of the weak 
homotopy type of cobordism categories. Let C^^d be the cobordism category 
of |4j, having fe-dimensional compact submanifolds of x [a,b] as mor- 

phisms. The Madsen- Weiss theorem of [2],|3] and |6] shows the existence of 
a weak equivalence 



'Partially supported by ERG Adv.Grant No. 228082. and by DNRF Centre for Sym- 
metry and Deformation 



1 



where 7^^ = {{V,v) G x W^lv^V} is the total space of the complement 
of the tautological bundle over the Grassmanians Qf^ ^i of /c-vector subspaces 
of W^. This equivalence can be rephrased as a relative h-principle for the 
sheaf '■ Emb|^^ — > Top defined by the set 

^'/fc(M) = {W C M\W is a fc-submanifold, closed as a subset} 

suitably topologized (cf. [2],[3])- The boundary condition needed for the 
Madsen- Weiss theorem is the empty submanifold G ^kidM x M). 

In this paper we modify the proof of [T] of the Madsen- Weiss theorem 
using a Quillen B argument. Then we reformulate the structural properties 
of used in the proof to obtain conditions on a general sheaf ^, and we 
obtain the following. 

Main Theorem. Suppose that 

1. The h-principle maps ^'(M) — > ^'*(M) and ^{dM xM) — > ^*{dMx 
R) are weak equivalences, 

2. The orthogonal elements are almost open in ^(M) (see \l.l\ and \2.5\) . 

3. * is group like at M (see 

4- ^ is damping at M (see \3.4^ . 

Then for any € ^{dM x R) orthogonal to dM , the relative h-principle 
map h: ^{M;gQ) — > ^*{M;h{go)) is a weak equivalence. 

For the sheaf ^'^ of the Madsen- Weiss theorem, the properties above 
reduce essentially to the following. Orthogonal elements of ^k{dM x M) are 
submanifolds that intersect dM x orthogonally in the classical sense. These 
elements are "almost open", in the sense that the inclusion into elements 
that intersect dM x transversally is an equivalence, and transversality 
is an open condition. The group- like condition for ^'^ is the existence of 
a "dual manifold" for every submanifold C dM x [0, 1] that intersects 
the boundary orthogonally. It is the submanifold of dM x [1,2] defined by 
2 — N. The damping condition is a formal condition needed for proving that 
structural maps for a Quillen theorem B are weak equivalences. It holds for 

by the smooth approximation theorem of [3]. 

In order to prove the main theorem we build a model for the restriction 
map ^(M) — > \E'(5M) using a functor of simplicial categories C\i,(M) — > 
9C^(M). Here C\^/{M.) and dCis,{M) are defined imitating the construction 
of cobordism categories. The conditions above allow us to build weak equiv- 
alences 

BC^{M) ~ ^(M) 
BdC<i,{M) ~ ^{dM) 
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analogous to [T] and [3] . Then we identify the homotopy fiber of the left-hand 
map using Quillen theorem B' of |9]. 

In the last section of the paper we show that the sheaf of submanifolds 
of [2] and [3] satisfies the conditions above, giving a "Quillen B proof" of 
the Madsen- Weiss theorem. We can moreover replace the empty boundary 
condition with any manifold g that is orthogonal near the boundary of D'^~^ x 
M. This gives a description of the homotopy type of the cobordism category 
of bordisms that agree with g around S"^~^ x M. 
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1 Relative h-principles and strategy 

Let Embrf be the category with objects boundaryless d-dimensional manifolds 
and embeddings as morphisms. This category is enriched in topological 
spaces endowing the set of morphisms between two manifolds with the C°°- 
topology. 

We will consider continuous sheaves ^ : Emb^"^ — > Top, where Emb^ 
has the standard Grothendieck topology. Given such a sheaf, we extend it 
to Embd_i°P by 

^r(iv) := $(Ar X M) 

We extend it to d-dimensional manifolds with boundary as follows. Let M be 
a d-manifold with boundary, and e: dM x (— oo, 0] -—^ Ue C M he a collar 
of dM. Here Ue is an open neighborhood of dM, and e identifies dM x 
with dM. The collar induces a smooth structure on 

M<oo := M]j5M X [0,oo) 
dM 

and we define 

^(M) := ^(M<oo) 

Different choices of collars define diffeomorphic manifolds M<oo) and there- 
fore homeomorphic ^(M). The collar e also defines a restriction map 

res: ^'(M) — > ^{dM) 

that sends an element G G ^(M<oo) to 

res(G) = G\aM = e* {G\u,Ug^^ dMx[o,oo)) 
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where e: dM x R ^> ^eUaM^-^ ^ [0)0°) is the extension of e by the 
identity on dM x [0,oc). For different collars we get the same restriction 
map under the homeomorphisms above. 

There is a new sheaf : Embd°^ — > Top defined by 

**(M) = r(Pr(M) XGLa — > M) 

where Pr(M) is the principal GL(j-bundle of framings of TM, and T denotes 

the space of smooth sections of a bundle. We extend ^* in the same way to 
lower dimensional manifolds and to collared manifolds with boundary. 

The sheaf comes equipped with a map ^' defined as follows. 

Let p: TM — > M be a fiberwise embedding induced by the exponential 
map. It can be defined rescaling a ball of TxM for all x € M with a radius 
varying continuously with x. We associate to a G G ^'(M) the section 
sg: M — > Fr(M) Xgl^ *(M"') defined by 

sg{x) = 

for a choice of framing (px '■ — > TxM. 

Given a "boundary condition" go G *(5M) define 

*(^;5o) = Colime>o{G G ^'(M) : G|aMx(-€,oo) = 5o|9Mx(-e,oo)} 

the space of elements of ^(M) that restrict to go in a neighborhood of 
dM X [0,00). Here we used the notation GIqmxI '■= i'es(G)|9Mx/ for an 
open 7 C M. The restriction of the h-principle map h induces a map 

*(M;5o) ^**(M;%o)) 

Our goal is to see when this map is a weak equivalence. We consider the 
following family of "orthogonal" boundary conditions go G *(5M). 

Definition 1.1. Let U C M<oo and J c R be open subsets with dMxI c U. 
An element G G ^'(f/) is orthogonal to dM on /, denoted G_L/, if for 
every open intervals J,J'gI and any orientation preserving diffeomorphism 
a: J' — yJ 

G|j. = a*{G\j) 

Here a* : ^{dM x J) — > '^{pM x J') is the map induced by id xa: dM x 

I — >dM xj. 

Define "^{U)^' C ^{U) to be the subspace of elements that are orthog- 
onal to dM on / 

Theorem 1.2. Let ^ : Emb^'^ — > Top be a continuous sheaf, and M a d- 
dimensional manifold with boundary. Suppose that the following conditions 
hold: 
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1. The h-principle maps ^'(M) 
weak equivalences, 



1'*(M) and ^'(SM) — y ^^^dM) are 



2. The orthogonal elements are almost open in ^{M) (see \l.l\ and \2.5\) . 

3. is group like at M (see Wl\) . 
4- ^ is damping at M (see\3.4^. 



Then for any € ^'(SM)-'-* the relative h-principle map '^{M^go) — > 
^* {A'l ; h{gQ)) is a weak equivalence. 

Note 1.3. By a theorem of Gromov [5j the first condition is satisfied if M 
is an open manifold and the sheaf ^ is microflexible at M (that is, if the 
inclusions of compact pairs K d K' d M induce microfibrations ^{K') — > 
^!{K) of quasi-topological spaces. See |7j for a formulation in terms of lifting 
properties for topological spaces). 



Proof. Consider the commutative digram 



*(M;9o) 



^%M;higo)) 



By the first condition, the homotopy fibers of the restriction maps over the 
element go are weakly equivalent. The right-hand restriction map is a fibra- 
tion, and therefore its homotopy fiber is equivalent to the preimage of go, 
that is equivalent to the space ^*{M;h{gQ)). 

It remains to identify the homotopy fiber of the left-hand restriction map 
with ^{M;gQ). In ^we define a simplicial functor res: Cqj(M) — > 5C<ii(M) 
and using the second condition we define weak equivalences 



BC^{M) ~ ^(M) 



BdC^{M) ~ ^{dM) 

(see 12. ip . In ^ we use the third and the fourth conditions to prove that 
the simplicial functor res: C*(M) — > 9C^(M) satisfies the hypothesis of a 
Quillen theorem B for simplicial categories (cf. 13.91 and 13. lOp . This theorem 
B gives a description of the homotopy fiber of the realization of our functor 
as the realization of a certain category. We identify the classifying space of 
this category with "i>{M;gQ) in 13.11 and 13.31 □ 
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Example 1.4. The main example of a sheaf that satisfies the hypothesis 
above is • Emb^^^^ — > Top from [2\ and |[3] . It associates to a d-manifold 
M the set ^^(M) of closed subsets N C M which are smooth A;-dimensional 
submanifolds without boundary, suitably topologized. 

For an embedding e: M — > M', the induced map e* : ^'fc(M') — > 
^'fc(M) sends a submanifold C M' to e~^{N). The sheaf gluing is given 
by taking unions. 

The condition for a submanifold G € ^k{dM) to be orthogonal to dM 
over / corresponds to orthogonality in the classical sense. That is, G_L/ 
exactly when the intersection G n dM x / is a product manifold N x I for 
some [k — l)-dimensional submanifold N C dM. 

In section m we show that satisfies the conditions of 11.21 above, and 
we relate theorem 11.21 for with the Madsen- Weiss theorem of [2]. 

2 Categorical model for ^(M) — > *(5M) 

In this section we prove the following. 

Proposition 2.1. Let M be a collared manifold of dimension d. There is a 
commutative diagram 



where the left vertical map is the realization of a functor of topological cate- 
gories and the maps ■!? and di!) are weak equivalences. 

If the orthogonal elements of are almost open at M (cf. \2.5\ below) all 
the horizontal maps are weak equivalences. 

Define a topological category dC^{M) with objects space 

The disjoint union is meant to indicate the fact that we are taking the discrete 
topology on the real coordinate. For real numbers < e and a <b define 

Mor,(a,6) = ^(aM)^(-°°.-+^) n ^'(aM)-^('-^>°°) 

and let the morphism space of ^C^l,{M) be 

Mor d (M) = ]J cohmo<e Mor^ (a, b) 

a<b 
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The source map of dC^{M.) is induced by the maps 

Se-. Mor,(a,6) -^OhdC^{M) 
defined by sending G to 

Se{G) = G|(_oo,a+e) U U* {G\(^a-e,a+e)) 

in the a-component, for a choice of diffeomorphism a: {a — e, oo) — > (a — 
€,a + e) preserving the orientation. By the orthogonality condition on the 
elements of More(a, b) the map is independent of the choice of a, and it is 
continuous by continuity of the sheaf. Similarly one defines the target map 
as the colimit of maps 

te{G) = /3*(G|(fc_e,fe+e)) U G\(^h-e,oo) 

for a choice of orientation preserving diffeomorphism /3: (—00,6 + e) — > 
(6 — e, 6 + e). Composition in dC^(M) is induced by the maps 

o: Mor,(6,c) Xob9c*(M) Mor,(a,6) — > Mor,(a,c) 

defined by 

Go H = i^|(_oo,fe-e) U G'|(b„^^oo) 

Note 2.2. This is an "embedded cobordism category" for the sheaf ^, with 
objects embedded in dM and cobordism direction given by the collar. For 
^ = ^fc the sheaf of submanifolds of |[3], and M = M"^ x (—00, 0], the category 
dC^^ (R*^ X (—00, 0]) is almost the same as the cobordism category Ck^d of \M- 
The difference is that our bordisms are not necessarily compact submanifolds 
of R'^+^ 

Consider now the topological category Ciii(M) with objects 
ObC.t(M) = ]J colimo<,^(M)("-^'°°) 

and morphisms 

MorC*(M) = ]Jcolimo<e^(M)-^(— ^.''+^) n ^'(M)-^('-^.°°) 

a<b 

The source is induced by sending G in the a < b component to 

= G|M<.+.Ua*(G|(,_,,,+,)) 

in the a-component, for an orientation preserving diffeomorphism a: (a — 
e, 00) — (a - e, a + e). Here M^u C M< 00 is the submanifold 

M<„ = M<oo\(5M X [n,cx))) 
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The target projects off the a-coordinatc, i.e. it sends G in the a <b compo- 
nent of the morphisms space to G in the 6-component of the objects space. 
Composition of (6, c, G) and (a, b, H) is defined to be just (a, c, G) (notice 
that if {b,c,G) and {a,b,H) are composable then H\m^,, = G'|m<(,)- 
The restriction map ^'(M) — > "^{dM) induces a continuous functor 

Cq,{M) — > dCq,{M) 

Note 2.3. Consider the functor F : 9Ciii(M) — > Top that sends an object 
{a,g) G Ob9Ciii(M) to the set of extensions of (7 to M 

F{a,g) := cohmo<e{G G ^'(M)|G|(„_,,^) = 5l{a-6,oo)} 

and a morphism (a <b,G)e Mor 5 C$ (M) to the map 

(-)|m<„+.UG|(,_,,„o): ^^(a,^^)) ^F(6,t(G)) 

The category C^(M) is the Grothendieck category 9C^(M) and the re- 
striction functor C<i((M) — >■ 5C^(M) corresponds to the projection functor 
dC^{M) IF — >dC^{M). 

The topological categories D^(M) and dD-q,{M) are associated to topo- 
logical posets, defined as the spaces 

B^{M) = ]J colimo<e ^'(M)-^(»-^'<'+^) 

and 

aD*(M) = ]Jcolimo<e*(5M)-L(<'-^.»+^) 

with partial orders defined by (a, G) < (6, i^) if o < b and G = H, on both 
spaces. The restriction map induces a map of topological posets 

res: D*(M) 5D^(M) 

There is a functor 9D^(M) — > 9C^f(M) that sends a morphism 
(a < 6,G) with G G ^'(5M)-L(°-^.-+^) n ^'(5M)-L(''-^.''+^) to 

5,?(a < 6, G) = (a < 6, a* (G| U G|(„_,,,+,) U ^ (G|(5-e,;,+e))) 

for diffeomorphisms a: (— 00, a + e) — > (a — e, a + e) and /3 : (6 — e, 00) — >■ 
(6 — e, 6 -|- e) preserving the orientation. Similarly, there is a functor 

7?: Dvi>(M) — >Cq,{M) 

that sends a morphism (o < 6, G) with G G ^'(M)-^(''-^.'»+'=) n ^'(M)-^(''-''''+'=) 
to 

^{a <b,G) = {a< 6,G|(_oo,6+e) ur(G|(5_e,6+e))) 
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Proposition 2.4. The square 

res res 

commutes and the maps and d-d are weak homotopy equivalences. 

Proof. The square clearly commutes. We show that •& is a weak equivalence, 
the same result for d-d is completely analogous. We show that the nerve of 
is a levelwise homotopy equivalence of simplicial spaces 

An element of ^/kC^ll{M) is represented by a sequence of real numbers cq < 
• • • < Ofc, a < e and a G € ^{M) with G±(^ai-€,ai+e) all < i < - 1 and 
G±(^ak-e,oo)- This clearly defines an element of A/a;D$(M), and actually a 
natural (non-simplicial) inclusion 

which is a section for TVfci?. The composite oTV^t? sends an element (oq < 
■■■<ak,G) for G G ^(M) with to 

(ao < • • • < ttfe, G|(_oo,afc+e) U Q;*(G|(a^_e^aj^+g))) 

for a diffeomorphism a : (ofc — e, oo) — > (a^ — e, + e) that preserves the 
orientation. Take a continuous family of embeddings at : {ak — e, oo) — > 
(ofe — e, oo), for t G [0, 1], satisfying 

1. Im(at) = (0,afe + e+i^) 

2. aQ = a 

3. ai = id 

The embedding at induces a continuous map A/fcD^(M) — ^ A/'feD^(M) by 
sending (oq < • • • < Ofc, G) to 

(ao < • • • < Ofe, G|(_oo,afc+e) U (G|(a^_e^„^+g))) 

These maps assemble into a homotopy 

Nk Dvp (M) X [0, 1] — > Nk Dvp (M) 
from ik o Mk'& to the identity. □ 
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For a real number a G M we denote 



^{dM)-^" := colimo<, ^(dM)- 



-(a — e,a + e) 



and define ^'(M)-'-" in a similar way. 

Definition 2.5. We say that orthogonal elements of are almost open 

at M if there is an open cover {Ua}aeR of ^(M) such that 

1. ^'(aM)-^('"-=.''+^) C Ua for every e > 0, 

2. The image of Ua by the restriction map Ua\dM C ^{dM) is open, 

3. For every finite sequence oq < • • • < flfc the maps induced by the 
inclusions 

and 

are weak equivalences. 

Example 2.6. In the case of the sheaf ^f^, one can essentially choose Ua to 
be the subspace of ^(M) of submanifolds that intersect dM x a transversally. 
These sets Ua are open only when M is compact. For non-compact M one 
needs to modify this sets slightly (cf. 14. 5p . 

Proposition 2.7. Suppose that orthogonal elements of ^ are almost open 
at M. Then the projections from D^f(M) to \I/(M) and from 9D^(M) to 
^(dAI) define a commutative square 

^Dvi,(M) - ^ ^(M) 



where the horizontal maps are weak equivalences. 

Proof The projections D^(M) — > ^{M) and 9D^(M) — > ^{dM) factor 
trough the topological posets S{M) = Yiam and d£{M) = HaeK ^aldM 
with partial orders again defined as (a, G) < {b, H) if a < 6 and G = H. The 
inclusions induce weak equivalences i3D^(M) ~ B£(M) and i?3D^(M) ~ 
Bd£{M). Therefore it is enough to show that the inclusions Ua C ^{M) 
induce weak equivalences 

B£{M) ^ ^{M) and Bd£{M) ^ ^{dM) 

The nerves of \I'(M) and ^(dM) are constant simplicial spaces. By 
[21 §3.4], which is a corollary of ^ §A1], it is enough to show that the 
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projections ^^(M) — > ^'(M) and Af.d£{M) — > ^{dM) are levelwise etale 
(that is, are open maps and local homeomorphisms) and that their fibers have 
contractible realizations. We show the result only for £[M) — > ^'(Af), the 
other case being completely analogous. 

The fiber F, over a fixed element G G ^{M) is the simplicial space with 
A;-simplicies the space 

Fk = {(ao < • • • < afc)|G G Ua, for all < i < A;} 

Notice that since the topology on the real coordinates is discrete, this a 
discrete space. Since the sets Ua cover \I'(M), the spaces are non-empty. 
Moreover F, is the nerve of the totally ordered set {a G ]R|G G Ua}, and 
therefore its realization is contractible. 

It remains to show that the projections at levelwise etale. Let us show 
that it is an open map. Since the real coordinates are discrete, an open subset 
of J\fk£{M) is a union of sets of the form {(oq < • • • < aj.)} xV , with V open 
in n^LgC/ai • Its image by the projection map is the union of the sets V. Since 
V is open in ri^^^Uai and njLgC/ai is open in \I'(M), the image V is open in 
^{M). It remains to show that the projection is locally injective. Since the 
real coordinate is discrete, the set {(ag < • • • < Ofc)} x ^i=o^ai is an open 
neighborhood of a general element ((ao < ••• < ak),G) G Mk£{M). The 
restriction of the projection to {(oq < • • • < Ofc)} x n^^gf/ai is injective. □ 

3 The homotopy fiber of ^(M) — > ^((9M) 

In this section we use the categorical model for the restriction map ^(M) — t- 
^(dM) described in the previous section to show the following. 

Proposition 3.1. Let M be a collared d- dimensional manifold. Suppose that 
the elements of^{M) are almost open, and ^ is group-like and damping at 
M (cf. E3 and\3^ below). Then the homotopy fiber of ^{M) — > ^{dM) 
over an element g G ^'(9M)"'"* is naturally weakly equivalent to 

^'(M;g) := colimo<,{G G ^(M) : G|(_,,oo) = 5l(-.,oo)} 

The conditions on the sheaf ^ above allows us to identify the homotopy 
fiber of the restriction functor C>ii(M) — > 9C>ii(M) over an object (g, 0) as 
the space ^{M;g). This is carried out by means of Quillen theorem B for 
simplicial categories, proved by Waldhausen in [9]. We recall its content. 

Let F: C — > -D be a simplicial functor. Given an object Yq G Oh Dq, 
define the (right) fiber of F over Yq by the simplicial category Yq/F, whose 
level n category has objects 

Oh{Yq/F)n= ]J {{X Oh Cn,be Mot Dn)\b: F{X) ^u*Yq} 

v. [n] — v\q\ 
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The morphisms from {X,b) to {X',b') are morphisms a: X — > X' of C, 
making the diagram 

F{X) — ^ i^*Yg 



Fia) 




Fix') 

commutative. 

There are two kind of maps between the fibers over the objects of D. A 
map of the first kind is a map : Yg/F — > Yq/F induced by a morphism 
p:Yq — > Y^ of Dq. It maps a morphism a: {X,b) — > {X',b') of {Yq/F)n 
to the morphism a: {X, 06)^ {X' , o b') of {Y;^/F)n 

F{X) — ^ u*Yq u*Y^ 



Fia) 




F{X') 

A map of the second kind is a map a* : a*{Yq)/F — > Yq/F induced by 
a morphism a: [p] — > [q] in A. It maps a morphism a: {X,b) — > {X',b') 
in the z^: [n] — > [p] component of {a*(Yq)/F)n to a: {X,b) — > {X',b') in 
the a o z/ component of (Yq/F)n- 

Proposition 3.2 ([9j). Let F: C — > D be a simplicial functor for which 
all the maps of the first and the second kind induce weak equivalences on the 
classifying space. The for every object Y € Dq the diagram 

B{Y/F) ^ BC 

BF 

* ^BD 

Y 

is homotopy cartesian. 

We briefly recall that the classifying space of a simplicial category is 
defined as the realization of the bisimplicial set obtained by taking the nerve 
levelwise. This realization is defined as the realization of the simplicial space 
obtained by levelwise realizing one of the simplicial directions. This is the 
same as realizing the diagonal simplicial set. 

We want to apply this Quillen B theorem to describe the homotopy 
fibers of the restriction functor i?Ciii(M) — > BdC\i,{M). The singular 
functor Sing_ from topological spaces to simplicial sets induces a functor 
from topological categories to simplicial categories. Given a topological 
category C, define a simplicial category Sing^C in simplicial degree k by 
Ob Single := Singj;,ObC and morphisms MorSing^jC := Singj;.MorC. 
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Source, target and composition maps are defined pointwise. In our situa- 
tion, this construction induces a simplicial functor 

res: Sing.Cvi,(M) — y Sing. 9 (M) 

Before showing that under appropriate conditions this functor satisfies the- 
orem B, let us identify the classifying space of the fiber over an object 
(J3,g) G SingQ 5C<ii(M) = dC. Let be the topological poset with under- 

lying space 

^(M = IIcolimo<,{G G ^{M)^-\G\^h-e,oo) = g\{b-e,oo)} 
a<b 

and partial order defined by (a, G) < {a',H) if a < a' and G = H. Notice 
that by definition (6, g) / res = Sing. ■ 

Proposition 3.3. If orthogonal elements of^{M) are almost open, for every 
g S ^(^M)-*-*^ there is a natural zig-zag of weak equivalences 

B{{0, g)/ res) 5^(0,^) ^ ^{dM; g) 

where the right-hand map is defined by projecting off the real coordinate. 

Proof. As we noticed, (6, g) / res = Sing. and therefore the evaluation 

map induces a topological functor 

1(5, g)/ res I — > F(b^g) 

that is a levelwise equivalence on the nerve. The projection map pr: -F(o,g) — > 
^(dM;g) is an equivalence by the same argument of 12.71 □ 

We now see under which assumptions on ^ the restriction functor satisfies 
the conditions of Quillen's theorem 13.21 
For a E M denote 

^'(9M)-^'' = colimo<e ^(aM)^{<'-^.''+^) 

Given a sequence oq < ■ ■ ■ < denote '^{dM)-^'^o, - :^k := n^^Q^'(9M)^'^i , 
and define ^{M)-^°- and \I/(M)"'""o. ■•'"fc analogously. For every real number 
u denote tu ■ M — > M the diffeomorphism tu{x) = x -\- u 

Definition 3.4. The sheaf ^ is damping at M if given any /: A'^ — > 
^{dM)-^^ there is a family {5<^'^ : A" — > ^'((9M)|(/.,^: [n] — > [q]} such 
that 

i) B^''^(cT)|(_^,,)=,/.V(^)|(-oo,e) 
ii) tt(B<^''^(a)|(i_,,,,))=r/(^)l(-e,oo) 
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iii) B'f'''f' = 4>*f 

iv) uj*B't'^-'l' = B'^*'t>'^*'f' for all w: [m] — > [n] 

Note 3.5. Here's an illustration of this strange damping condition. Given 
/: A'' — > ^{dM)^^ and (/),^/;: [n] — [q], consider the map iJ'^''^ : A" x 
[0, 1] — y ^'(aM)-LK defined by 

H^'^{x, t) := fiMx) ■t + Mx)-{l- t)) 
This is a homotopy from (f)*f to ip* f , and this family satisfies 

for all u: [m] — > [n] and fixed t E [0,1]. A family B'^'-'f' : A" — > ^{dM) 
for the damping condition exists if each element H'^''^{x,t) € ^'(SM)-'"* is 
determined by the restriction to a neig hborhood of dM x t of B't'^'l'{x). We 
show that the sheaf of submanifolds satisfies this property in 14.61 by 
means of a smooth approximation theorem. 

Proposition 3.6. Suppose that ^ is damping at M . Then for every object 
Yq o/ Singg 5 (M) the map the second kind 

(%)* : Vo^ql res — > Yq/ res 

induced by the value zero map rjo : [0] — > [q] is a weak equivalence on clas- 
sifying spaces. 

Proof. We show that for a fixed k the map of simplicial sets 

is a simplicial homotopy equivalence. Let us assume for simplicity that 
Yq = (0, /) for some / : A'^ — > ^'(SM)-'-*^. The argument for a general o 7^ 
is completely analogous. An element of MkiYq/ res)„ is a family (i?i>, a; Q) of 
a sequence of real numbers a = (oq < • • • < Ofc — ^ map (j): [n] — > [q] 
and a continuous G: A" — ^[dM)^''o- -'^k such that 

G(a)|(_,,oo) = (r/)(^)l(-.,oc) 

for all a G A" and some e > depending on a. 

Pick a family {S<^''^|(/), ^ : [n] — > [q]} for / given by the damping condi- 
tion 13.41 Define a simplicial map 

e: MkiYq/ res). ^ J^k{r]*oYq/ res). 

by sending an element {(p, a; G) as above to 

e((/),a;G) = (p: [n] ^ [0], a; ^(G)) 
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where p: [n] — > [0] is the unique map, and ^{G): A" — > ^'(5M) °o. ■■•.ofc is 
defined by 

Here Sq,: M — > M is a difFeomorphism that sends to 1, and with the 
following properties. If a = (oq = • • • = = 0) simply take Sa to be 
ti = (— ) + 1. If there is a coordinate < 0, let be the biggest among 
them, and choose Sa so that it agrees with the identity in a neighborhood of 
{—CO, am], and with ti on a neighborhood of [0, oo). Condition i) and ii) of 
the damping property insure that the gluing is well defined, and that ^(G) 
agrees with p*{r]Qf) around as required for belonging in AfkiiJ^Yg/ res)„. 
Our choice of Sa guarantees that ^(G)(cr) is still orthogonal at ao, . . . a^. By 
condition iv) on {B"^'^} the map ^ is simplicial. 

The Composite r/oo^ sends {(l),a;G) to (?7oop,a;^(G)). Define a simplicial 
homotopy 

H : MkYj res. x A[l] ^ MkYq/ res. 
by sending {(f), a; G) and b : [n] — > [1] to 

H{{<j>,a:,G),h) = {^-h,a:,H^{G)) 

where (f) ■ b is pointwise multiplication of maps [n] — > [1] , and 

H,{G){a) = Ui?^'^-''(a)|(_,,i+,)) 

This is a simplicial homotopy from ryo o C to a map Hi that sends {(j),a;G) 
to {(p,a;Hi{G)) with 

Hi{G){a) = 4(G(a)|(_^,,) U 

Here we used that B't'''^' = ^*f. Thus Hi{G) is a scahng G. We define 
a homotopy that inflates this back to G. For every a, take a family of 
diffeomorphisms s": M — > M continuous in u G [0,1] such that ,s|] = Sa, 
s\ = id and such that each agrees with the identity on a neighborhood 
of (—00,0^], and with tu = (— ) + on a neighborhood of [0, oo). Define 
K: MkYq/ves. xA[l] MkYq/ies. by sending {{(f>,a;G),b: [n] [1]) to 
{(f>,a;Kb{G)) with 

K,{G){a) = U (<^*/)(^)l(-e,n-.)) 

where 6* : A" — ^ A^ = [0, 1] is the induced map. This is a simplicial 
homotopy from Hi to the identity. 

The other composite ^ o (770)* sends (p,a; G) to (p,a;^(G)) with 

aG){a) = U/(r?^/)(a)|(_,,i+,)) 

There is a simplicial homotopy similar to K from this map to the identity. □ 



15 



Definition 3.7. A right inverse for an element G € ^{dAl)^°'^ is an 
element R € ^'(5M) such that 

i) R\{l-e,l+e) = 
ii) t^(/?)|(_,,,)=Gl(_,,+,) 

iii) There is a path 7: [0, 1] — > -^{dM) with 

• 7(0) = G|(_oc^i_,) U i?|(l_e,oo) 

• 7(1) G ^(aM)^(-«>2+.) 

• 7(OI(-oo,+e) = G'l(_oo,+e) and 7(*)l(2-e,oo) = -R|(2-e,oo) 

A left inverse for G G ^(aM)^O'i is a L G ^'((9M) satisfying 

ii) t!_2(-^) I (!-€,!+<:) = G'|(l_e,l+e) 

iii) There is a path 5: [0, 1] — > ^{dM) with 

• '^(0) =L|(-oo,e)UG|(_,,oo) 

• (5(1) G ^(aM)^(-i-^>i+'=) 

• '^(*)l(-oo,-l+e) = -^l(-oo ,-1+e) and 7(t)|(l_e,oo) = G'|(i„e,oo) 

A sheaf ^ : Emb|^^ — > Top is called group like at M if every element 
in G G ^'(9M)^(-°°'^) n ^'(9M)-^(i-='°°) has both a right and a left inverse. 

Notice that the gluing conditions force a right inverse R to belong to 
^'(0M)^i'2, and similarly L G ^'(5M)^-i'0. Also, if i? is a right inverse for 
G then G is a left inverse for R. 

Example 3.8. We show in 14.71 that the sheaf ^'fc is group like at M if 
dM = N X M for some manifold without boundary N of dimension d — 2. 
The idea is to define a left inverse of a submanifold G G '^k{dM)^'^''^ as the 
flipped manifold (— id)*G. Similarly (2 — id)*G is going to be a right inverse 
for G. 

Proposition 3.9. Suppose that ^ is group like and damping at M , and that 
orthogonal elements of^{M) are almost open. Then all the maps of the first 
kind for res: Sing_Cii((M) — )■ Sing_ 9Cii((M) are weak equivalences. 

Proof. Let /3 be a morphism in dC^{M.)g from Yq to Y^. The value zero map 
r]o : [0] — > [q] induces a commutative diagram of simplicial functors 

Yg/ res ^* > Yg/ res 
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where rj^fS is a morphism in 9C^(M)g, and the vertical maps are equivalences 
proposition 13.61 above. It is therefore enough to show that the maps of the 
first kind induced by morphisms in degree zero are equivalences. 

Let {b,g e ^'(SM)-^*) be an object of Singo 5 Cvj, (M) = dC^{M). Recah 
the topological poset 

^(M = IIcolimo<e{i^ G ^'(M)^«|G|(b_,,oo) = ffl(6-e,oo)} 
a<b 

A morphism (3 = (b < c,G) of c?C^(M) from (J),g) to (c, /i) induces a com- 
mutative diagram 

\ib,g)/ res | |(c, /i)/ res | 



^ ^ic,h) 

where G^, sends a morphism (a < a',H) of -^(t^g) to (a < a' , H\^_^^fj^^^ U 
(jr|(b-e,oo))- The vertical maps are induced by evaluation, and are levelwise 
weak equivalences on the nerve as showed in 13.31 Now let F^^^ be the 
topological poset with same underlying set as F^b,g)i but topologized using 
the standard topology of M on the real coordinate a < b. The inclusion of 
M with the discrete topology into M with the standard topology induces a 
commutative diagram 

F(b,g) F(c,h) 



where the vertical maps are equivalences on the realization by lemma 13.111 
below. Therefore it is enough to show that on the nerve 

is a liomotopy equivalence for all k. We assume for simplicity that 6 = and 
c = 1, the general argument being a translation of this case. 

Take a right inverse R for G in the sense of definition 13.71 Define a map 

G* : MkFl^^j^^ — > ■^kFlo,g) 

by sending (oq < • • • < < 1; H) to (a — 2 = (oq — 2<---<afc — 2< 
0);G*{H)) where 

G*{H) = t2(-f^|(-oo,l+e) U i?|(i_e,2+e) U 5l(2~e,oo)) 

The map G* o sends a (a < 0; i?) to (a - 2 < 0, G*G^H) with 

G*G^H = t2(-f^!(-oo,+e) U U -R!(l_e,2+e) U 5'l(2-e,oo)) 
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Define a map K : A/^F^q g) ^ I — > J^kFl^ by sending (a; H) and u G [0, 1] 
to {a-2;Ku{H)) with ' 

Ku(H) = U7(u)|(_,,^)) 

where 7 is a path for the right inverse (cf. I3.7p . This defines a homotopy 
from G* o to a map Ki given by 

Ki{H) = t2(-H'|(_oo,+e) U5|(_e,oo)) 

This is because 7(1) is orthogonal on (— e, 2 + e), and it agrees with G on 
(— e, e) which is equal to g\{^_^^^y Now g is orthogonal on all M, and therefore 
7(1) must agree with g on (— e, 2 + e). Finally define a homotopy K' that 
sends (a; H) and u G [0, 1] to (a - 2 + 2u, K'^{H)) with 

= *2-2«(^l(-oo,+e) ^g\{-e,oo)) 

This shows that G* is a left homotopy inverse for G* . Similarly a left inverse 
L for G defines a right homotopy inverse for G*. □ 

Proposition 3.10. Suppose that ^ is group like and damping at M , and 
that orthogonal elements of^{M) are almost open. Then all the maps of the 
second kind for res: Sing_C>ii(M) — t- Sing_ 9 Ciji (M) are weak equivalences. 

Proof. Notice that for a general map a: [p] — > [q] there is a commutative 
diagram 

a*Yq/ res — — — Yg/ res 




T]* {a*Yg) / res 

for any choice of : [0] — > [p] , and a o i/ has also source [0] . Therefore it is 
enough to show that every map with source zero ry : [0] — > [q] induces a weak 
equivalence rj^^. Suppose that Yg = (0,/) for a map /: A" — > ^(dM)^^, 
and consider the diagram 

7?* (0,/)/ res ^(0,/)/ res 
7?a(0,/)/res 

where we recall that p: [n] — > [0] is the unique map, and {B'f'''^} is a 
family for / given by the damping condition. The functor b'^°P''^o°p ggj^jg 
{P,a < 0;G) to {p,a< 0;B*(G)) with 

B^G) = Ui?™o°P|(_,,^)) 
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where Sa '■ K — > R is a diffeomorphism that sends to 1 with the same 
properties as in the proof of 13.61 The diagram does not commute strictly, 
but there is a homotopy between (r/o)* o (defined in a completely 

analogous way as the homotopy of the proof of l3.61 The map t]q is a homotopy 
equivalence by 13.61 and ^'2°^'^'^°^ is the scaling of a map of the first kind. 
Choosing right and left inverses for B^°P''^°°p defines left and right homotopy 
inverses for b2°^'^°°^ analogously as in the proof of 13. 91 above. □ 

Given (6,5) G Ob9C^((M), let F^^g-^ be the topological poset with the 
same underlying set as but topologized using the standard topology of 

M on the real coordinate. 

Lemma 3.11. Suppose that orthogonal elements of^{AI) are almost open. 
The map of topological posets F^b,g) — ^ ^{b g) ^'^^'^^ced by the inclusion of 
M with the discrete topology into R with the standard topology is a weak 
equivalence on classifying spaces 

BF(^b,g) ^ ^^{b,g) 

Proof. Again assume for simplicity that 6 = 0. The projection off the real 
coordinate induces a commutative diagram 

^^(o,g) ^ ^^(0,9) 

*(M;g) 

and the diagonal map is an equivalence by 13.31 Therefore it is enough to 
show that the projection 

BFl,^g)^^iM;g) 

is a weak equivalence. Let £g be the topological poset 

£9 = 11^^ 

a<0 

where 

C/f := Ua n '^{M;g) = colim,>o{G £ Ua : G|(„,_oo) = 5l(-e,oo)} 

Here the real coordinate a < has the standard topology, and Ua is the 
open subset of ^{M) weakly equivalent to ^'(M)-'-'' given by the almost 
open condition fsee 12. 5|) . Notice that since Ua is open in ^(M) the colimit 
topology on Ui is the same as the topology as a subspace of ^{M;g). The 
poset structure is defined as usual by (a, G) < (a', H) if a < a' and G = H. 
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Since the maps ^'(M) " — > Ua are weak equivalences, the map above factors 
as 

We define an inverse in homotopy groups for pr: BSg — > ^{M;g). Let 
/ : 5" — > ^(M; g) be a continuous map representing an element of TTn'^lM; g) 
Since the family {Ua} covers ^{M), for every x e S"' there is a a^; < with 
f{x) G Ui^. Since every C/f^ is open in ^(M;c/), the family Va^ := f~'^{UaJ 
is an open cover of S*". Pick a finite sequence ag < • • • < Ofc such that 
VaQ, . . . , Kxj. covers the sphere, and choose a partition of unity (po, . . . ,(pk 
subordinate to the covering {Va^}. Such a choice of coordinates for every 
representative /: S'" — y '^{M;g) of homotopy class defines a map 

s: 7r„*(M;5) ^ TVnBSg 

given by 

s{f){x) = [{ao <■■■ <ak; f{x)), {<i)o{x), <^k{x))] 

where (^0(3;), ■ ■ ■ ,4'k{x)) € A'^. The map s is a section for the projection 
map TTnBSg — > 'Kn^{M;g). 

Given a map h: — > BSg We define a homotopy between s(pr o/i) and 
h. At every point x & the element h{x) is an equivalence class of the 
form 

h{x) = [{bo{x) < • • • < < 0;G^), {to{x), . . . ,tmAx))] 

foraG^ G ^feo(x)^'"^^6r„.W ^ andat(x) = {to{x), . . . ,tmAx)) e 

A™"'. Notice that we can assume bi{x) ^ bj{x) for i ^ j. Let a = (oi < • • • < 
Ofc) be the sequence chosen for the map pro/i for the definition of s(pro/i), 
and (p{x) = {(pi(x), . . . ,<pkix)) the associated partition of unity. Denote c{x) 
the ordered union of the sequences b{x) = {bo{x) < ■ ■ ■ < bm^ix)) and a. 
Let LOx '■ [k] — > [nix + k + 1] be the unique map such that oj*c{x) = a, and 
Px '■ [f^x] — > [m-x + k + I] the one satisfying p^c(x) = b{x) . Define a map 
H: X [0,1] — ^ B£g by 

H{x,u) = [{c{x);Gx),u- {ujx)*^{x) + (1 - u) • {px)*t{x)\ 

This is a homotopy from h to s(pro/i). □ 

Note 3.12. This last lemma essentially shows that we can endow all our 
constructions with either the standard or the discrete topology on the real 
coordinate without changing the weak homotopy type. However, it is easier 
to deal with the hypothesis of Quillen's theorem B if one uses the discrete 
topology. 
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4 The Madsen- Weiss theorem as a relative h-principle 

Let : Embrf — > Top be the sheaf of It associates to a manifold M 
the space \I'fc(M) of /c-dimensional submanifolds of M that are closed as a 
subset. This space is topologized by defining a neighborhood Vk,w{G) of 
G G \I'fc(M) for each pair {K,W), where K C M is compact and W C 
Emb(A^, M) is a neighborhood of the inclusion N C M for the C°°-topology. 
The neighborhood is defined by 

VK,wi^) = {P^ *fc(M)|P nK = j{N) n K for some j G W} 

The functor sends an embedding e : M — > M' to 

e*{G) :=e^\G) 

The sheaf gluing property is given by union of subsets. 

The cobordism category of /c-dimensional bordisms in R"' of ^ is the 
topological category Ck,d with objects space 

]J{g G ^k{^'^-'^)\9 is compact} 

and morphisms space 

]J colime>o{G G ^'fc(M'^~^ x [a,b])\G± [a,a+e) ) G'_L(^_f , G is Compact} 

a<beR 

where we denoted G_Lj if GnM'^-^ x J = iV x J for some (A; — l)-submanifold 
A*" C M*^"^. Source and target take intersection with M'*"^ x a and W^'^ x b 
respectively, and composition of morphisms is defined by union. Notice that 
if we drop the compactness conditions this category would be isomorphic to 
9Cxi/(M)(M'='-i X (-00,0]) of P 

In this section we use theorem 11.21 give a formal proof of the following 
theorem. Let Q^^d be the Grassmanians of /c-planes in W^, and 

iid = {iv,v)egk,d>^^''\v±v} 

the complement of the tautological bundle over Qk,d- 
Theorem 4.1 ([6],[^). There is a weak equivalence 

where Th{'y^^) denotes the Thorn space. 
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Proof. Following p!] , we prove the theorem using the relative h- principle map 
^k{M;go) — > '^l{M;h{go)) for M = D'^''^ x M and boundary condition 
50 = S ^k{D'^~^ X M). By expanding the interior of D'^~^ to R'^"-'^, we see 
that X M; 0) is homeomorphic to the space of A;-submanifolds of 

which are bounded in the first d — 1 components. This is the space ^'^^(i^,^) 
of [I], which is weakly equivalent to the classifying space of Ck^d via a zig zag 

BCk,d i^BD^ ^ ^k{D^-^ X M; ) 

through a topological poset D. This construction is analogous to our proof 
of 12. 41 an we refer to UJ for the details. 

Recall that x M) is defined in terms of sections of a certain 

bundle over D'^~^ x R. Since D'^~^ x R is canonically contractible this bundle 
is trivial, and the space ^'^(Z)'^"^ x R) is canonically homeomorphic to the 
space of maps D'^~^ x R — > ^^(R'^). Under this identification the boundary 
condition ^(0) is a constant map, and contracting the R component gives a 
homotopy equivalence 

%iD'^-^ X R;/i(0)) - n'^-^^ki^'^) 

The map Th{j^^^) — > ^'fc(R'^) that sends a pair {V,v) toV + vCM'^, and 
the basepoint oo to is a weak equivalence (see All together we get a 
diagram 

BCk,d ^ ^kiD"-' X R;0) A niD'-' x R;/i(0)) ^ n^-^Thi-f^^) 

We prove in 14.414.51 14.61 and 14.71 below that the sheaf satisfies the condi- 
tions of II. 21 for M = D'^^^ X R, and therefore the relative h-principle map 

^k{D'^-^ X R;0) A 'i'liD'^'^ X R;/i(0)) 
is a weak equivalence. □ 

Note 4.2. Our main theorem gives a relative h-principle for any bound- 
ary condition g £ ^k{d{D'^^'^ x R)) = ^k{{S'^~'^ x R) x R)-^* that is not 
necessarily the empty manifold. One can define a category C| ^ whose mor- 
pliisms are bordisms in D'^^^ x [a, h] that agree with 17 in a neighborhood of 
[dD'^^^) x [a, 6]. Our proof gives an equivalence 

BCl^ ^ Map;,(,)(Z)'^-i x R, ^/^(R^)) 

where Map;j(^)(Z:>'^-i xR, ^'^(R'^)) is the space of maps L><^-1 xR — > 'J'fe(R'^) 
that agree with h{g): {S'^~^ x R) x R — > ^'^(R'^) near the boundary. Here 
h{g) is the scanning of the boundary condition g, and it is in general not a 
constant map. 
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Note 4.3. li 0: B — > BGL^ is a fibration, a tangential structure on a d- 
manifold 1^ C M*^ is a lift along 9 for the classifying map W — > Qk^d of the 
tangent bundle. There are analogues and ^ where the manifolds are 
equipped with a tangential structure, and a Madsen- Weiss theorem 

Bcl, ^ n^-^Th{e*jl,) 

(see [3], [2], [1], [3]). All the steps of our proof go through in this more general 
situation, except the group-like condition that might fail for a general 9. It 
does however hold in the case of oriented manifolds, when 9: Q^^ — > Qf^^^ 
is the projection map from the oriented Grassmanians. 

Condition (1) of II .21 holds for ^'^ for deep results of and [5]. 

Proposition 4.4 ([7j,t5j). If M is an open manifold, the h-principle maps 
^kiM) — > ^1{M) and *fc(5M) — > ^l{dM) are weak equivalences. 

Proof In the author proves that the sheaf 

O^PiW) Top 

defined on the category of open subsets of any d-manifold W by restricting 
is microflexible. By Gromov's theorem |l5j the h-principle maps ^'^(M) — ?■ 
\I'^(M) and ^fc(9M) — > ^'^(9M) are weak equivalences for M open. □ 

Notice that for M = D'^^^ x M the space '^*{D'^^^ x M) is canonically 
equivalent to ^'(M"') since D^^^ x M is contractible, and the h-principle map 

X M) is always an equivalence (this is however 
not true in general for d{D'^~^ x M)). 

The main ingredient of the following is a result of ^ , where the authors 
show that the inclusion of orthogonal elements into transverse elements is a 
weak equivalence. 

Proposition 4.5 ([4j). The orthogonal elements of the sheaf 0,1"^ almost 
open at M , if dM = N x R" for some compact manifold N and < n < d. 

Proof. Given a real number a, define ^^(M)*" C ^k{M) to be the subspace 
of manifolds that intersect dM x a transversally. Clearly every submanifold 
that intersects dM x a orthogonally belongs to ^'^(M)*", and this defines a 
map 

^k{M)^- ^kiMf" 

This is showed to be a weak equivalence in p] and |3|. Unfortunately, the 
space ^'fc(M)^" is not open in ^k{M) unless M is compact. If dM = Nx M", 
let B^ C M" be the open ball of radius 1 + 6 centered at the origin. Define 
Ua as the subspace of ^^.(M) of submanifolds that are transverse to dM x a 
in a neighborhood of the unit compact ball 

Ua := {G G ^'fc(M)l(GniV X B^) &i dM x a for some 6 > 0} 
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Clearly ^'^(M)^'' C Ua- The subspace Ua is open, since given a. G G Ua one 
can find a neighborhood of the inclusion W C Emb(G, M) small enough so 
that Vk,NxK C ^'fc(M)^" for every compact subset K C M" containing the 
compact unit ball. 

It remains to show that the inclusion ^'fc(M)^° — > Ua is a weak equiv- 
alence. Given a map /: S"" — > Ua one can choose 6 > such that 
f{x) n N X is tr ansverse to dM x a for all x. Pick a diffeomorphism 
^: M" — > B\ and define a map r(/) : 5" — ^ ^'^(M)*" by 

r(/)(x) = (idjvx0)*/(x) 

This construction defines an inverse for the inclusion map on the n-th ho- 
motopy group. □ 

The main ingredient for the next result is the smooth approximation 
theorem for of [3]. 

Proposition 4.6. The sheaf is damping at any manifold M. 

Proof. For any d-manifold define a map F: [0,1] — > ^k(W) to be 
smooth if the subset 

E = {{p,t)eW x%l]\p(iF(t)} 

is a submanifold oiW x [0, 1]. By a result of [3], one can homotope compact 
families of continuous maps [0, 1] — > ^fc(VF) to compact families of smooth 
maps keeping fixed subintervals of [0, 1] where the family was already smooth, 
just as for usual manifolds. 

Let /: A'5' — )■ '^^{dM)^^ be a continuous map. Since the values of / 
are orthogonal on M, the submanifolds /(x) C dM x (0, oo) are of the form 

/(x) = 7V, X (0,oo) 

for some [k — l)-dimensional submanifold of dM. This defines a contin- 
uous map /: A'' — > ^ j^_i{dM) by f{x) = N^. Here we consider ^k~i a-s a 
sheaf on (d — l)-dimensional manifolds 

^A,._i : Embd^i — > Top 

so that ^fc_i(9M) consists of actual submanifolds of dM and not of dM x M. 
Let a: [0, 1] — > [0, 1] be a monotone smooth map with constant value in 
a neighborhood of 0, with constant value 1 in a neighborhood of 1, and that 
agrees with the identity away from zero and one. Consider the continuous 
map H: Ai X A" X [0, 1] — > ^'fc-i(5M) defined by 

H,,yit)=J{x-{l-a{t)) + yait)) 
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For every fixed x,y G A^, the map 

H^^y-. [0,1] ^*fe_i(aM) 

is smooth near and 1 by our choice of a. Approximate -ff to a map 
K: A" X A-? X [0, 1] — > *fc_i(5M) such tliat K.^^y: [0, 1] — > ^k_i{dM) is 
smooth for all x, y G A^ and that agrees with Hx,y around and 1. Since 
Kx^y is smooth, the space 

B:c,v ■■= {{P,t) edMx [0, l]\p e Kx,y{t)} 

is a smooth fe-dimensional submanifold of DM x [0, 1]. Since Hx^y is constant 
near and 1, the submanifold B^^y agrees with f{x) near dM x and 
with /(y) near dM x 1. Given (l>,ip: [n] — > [q] define a continuous map 
B'^''^ : A" — > "^k{dM) for the damping condition by 

B^'^ix) = B^^x,^,x 

as a submanifold of dM x M extended orthogonally outside dM x [0, 1] . □ 

Proposition 4.7. // dM = x M for some {d — 2)-manifold N without 
boundary, is group like at M . 

Proof. Let us define an inverse for an element G G ^ k{dM)^'^-°°'°-+^) n 
*fc(5M)-'-(''-«'°°) . This is the same as a submanifold of dM x [a,b] which 
intersect the boundary components orthogonally. Define 

G= (26-id)*G 

to be the fiip of G along dM x b. Since G intersect the boundary orthogonally 
= G|(b-e,6+€)- By abuse of notation we write 

G U G := G|(_oo,6+e) U G|(b_g^oo) 

Let us define the path 7: / — > ^k{dM) from GUG to a an element orthog- 
onal over M. Recall that we are assuming dM = A^ x R. For every t G [0, 1) 
let us denote (/>t : AT x M x M the diffeomorphism defined by 

(t>t{x, u, v) ■- {x, u + jz^^^v) 

The topology on is defined so that the path u : [0, 1] — > ^k{dM) defined 
for < t < 1 by 

a;(t) = 0:(GuG) 

and uj{l) = is continuous. Similarly, the path uj' : [0,1] — y "^k{dM) 
defined for < i < 1 by 

Uj{t) = 4>K(^*G\(a-e,a+e)) 
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and by ui'{l) = is continuous as well. Here a: M — > (a — e, a + e) 
is an orientation preserving difFeomorphism. The concatenation 7' of oj 
with the inverse path of oj' is a path between G L) G and the manifold 
a*G\(^a-e,a+e) which is orthogonal on R. The path 7' is however not con- 
stant on a neighborhood of (— cx),o] U [6,00), but notice that 7'(0) and 7'(1) 
agree on (—00, a + e) U (6 — e, 00). In order to obtain a path constant outside 
[a, b] replace the family of diffeomorphisms id x^^ : — >■ with a family 
of diffeomorphisms ijjt '■ IR^ — y with 

• V't = </>t on M X (a + f ,6 - f ) 

• -04 = id on (—00, a + |) U (6 — |, 00) 

• -00 = id 

A similar construction gives the path S for t*^(G|(_oo,2a-6+e)) UG'|(a-e,oo)• 
□ 
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